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Abstract—This paper deals with the ballistic target tracking
problem using range spread measurements. Based on the fact
that the range spread measurement distribution can be
successfully approximated by the Gaussian mixture model, the
problem is formulated in the framework of Gaussian sum
filtering. A probabilistic mode merging algorithm is developed
to ensure both the computational efficiency and the suboptimal
performance. The proposed filter guarantees the operational
reliability of the tracking algorithm, since it does not suffer from
the degeneracy problem often encountered with the particle
filter, which causes target tracking failure. The simulations for
a typical ballistic target interception scenario demonstrate the
effectiveness and the superior performance of the suggested
method over the existing nonlinear filters.
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I. INTRODUCTION

The primary goal of the interceptor in the missile defense
system is to effectively neutralize the ballistic target threat by
hit-to-kill its warhead. To mitigate the potential for substantial
damage in the event of interception failure, precise aimpoint
calculation is essential. For this purpose, most interceptors
equipped with wideband radar seekers with the range
resolution much smaller than the length of a ballistic target
(BT). The superior resolution of wideband radar seekers helps
to acquire more information about the BT, but paradoxically,
the statistical nonlinearity of the range spread measurement
makes aim point estimation difficult [1]. To tackle this
challenge, it is crucial to develop a practical target tracking
algorithm, which is capable of handling the multimodal
measurement distribution.

The solutions to the non-Gaussian state estimation
problem that have been studied so far can be categorized into
sample-based filtering methods and mode-based filtering
methods. The sample-based filtering technique is a method of
approximating nonlinear probability distribution into a
number of discretized samples. Typical examples include grid
filters and particle filters (PF). This technique is a numerical
approximation of the general solution of Bayesian filtering,
and it has the advantage of being very intuitive in its
algorithm. However, in BT tracking problems based on a radar
seeker with high range resolution, the probability distribution
of range measurements consists of several sharp modes. Thus,
the target tracking performance of the sample based nonlinear
filters could be severely degraded due to degeneracy and
sample impoverishment caused by sequential Monte-Carlo
sampling during the measurement update process [2-4].

On the contrary, the mode-based filtering technique is
based on the Gaussian sum filter (GSF) proposed [5]. This
technique approximates the nonlinear statistics of external
noise and state estimates into the Gaussian mixture model
(GMM), and it has been proven to be the optimal solution for
linear systems within the Bayesian framework. Also, this
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approach has the advantage of being free from the numerical
instability issues associated with Monte-Carlo sampling.
However, as time goes by, the number of modes of the a
posteriori probability density function (PDF) increases
exponentially during the measurement update process, which
may lead to real-time implementation issues due to
computational and memory limitations. Therefore, a
systematic mode management technique for nonlinear PDFs
that can increase computational efficiency without sacrificing
state estimation performance needs to be developed.

The mode management techniques have been studied so
far using an optimization perspective and a statistical
perspective. The optimization-based mode management
approach aims to approximate the PDF at each moment into a
weighted sum of a prescribed number of Gaussian
distributions [6-10]. This method generally considers the
number of modes as a design variable. However, in the case
of range spread measurements, the improper setting of the
mode number may lead to computation waste or a decrease in
estimation performance since the shape of the PDF change
continuously depending on the aspect angle. On the other
hand, probabilistic mode management techniques evaluate the
significance of modes probabilistically to perform merging or
pruning, which allows them to respond adaptively to changes
in the number and shape of PDF modes, more so than
optimization-based approaches [5,11]. However, similar to
optimization-based methods, they rely on the engineer’s
heuristics to set threshold values used in mode management,
thus sharing the disadvantage of having to repeat the process
for performance optimization.

To address the aforementioned issues, this paper proposes
a new suboptimal GSF design method that takes into account
the statistical characteristics of range spread measurements,
adaptively. By focusing on the feature that the variance of
range spread measurements obtained from a wideband radar
seeker is small enough, we generate mode combination
hypotheses for the measurement and its noise distribution, and
merge the modes created by a single combination hypothesis
to maintain one mode per hypothesis. In this case, we can
effectively solve the mode proliferation issue of the
conventional GSF and achieve satisfactory state estimation
performance. The suboptimality of the proposed filter is
analyzed by comparing the unbiasedness of the derived
estimates with the ideal GSF. Furthermore, through
simulation, we confirm its superiority in computational
efficiency compared to existing filters.

The paper is organized as follows. In Section II, we derive
the system model for BT tracking and briefly review the
characteristics of range spread measurements. In Section III,
we introduce how to design the BT tracking filter based on the
GSF theory and propose the adaptive mode management
methodology for real-time implementation. Simulation results
are presented in Section IV. The final section, Section V,
presents a summary of the concluding remarks.



II. SYSTEM MODELING

A. Relative Kinematics

Let’s consider the engagement geometry on the vertical
plane as shown in Fig. 1. In the figure, (X}, Z;) represents the
inertial axes, 7 is the relative range between the target and the
missile, A is the Line of Sight (LOS) angle, and w = 4
denotes the LOS rate in the vertical plane. (@, Vp,, Ym) and
(ag, vy, ve) represent the pitch acceleration, velocity, and
flight path angle of the missile and the target, respectively. In
this context, the relative velocity can be written as follows.
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In (1), the unknown target acceleration a; can be modeled
using the Singer model as follows [12].

a=-1/t - a+w ?2)
where T represents the target maneuver time constant, and w

is assumed to be zero-mean white noise with variance q.

When the continuous-time target dynamics model
represented by (1) and (2) is discretized with a sampling
interval T, the following discrete-time model is obtained.

X = FXpoq + Upoqg + G, U1 ~N(0,Qk-1) (3)
where the subscripts k and k — 1 denote the time steps. X is

the state vector and u, is the control input provided by the
Inertial Navigation Unit (INU) onboard the missile.
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B. Range spread measurement model

It is well-known that one of the easiest ways to improve
the target detection performance of a wideband radar is to
perform the detection process for each range cell [13,14].
Based on the standing assumption that this signal processing
strategy is applied, this paper models the range spread
measurement distribution.

At time instant k , the range spread measurements
provided by the wideband radar secker is described by the
following equation.

Z Z}[xk +vk (4)
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Fig. 1. Engagement geometry in the vertical plane.

Now, let’s model the range measurement distribution. We
first define the seeker’s sum-channel signal power A as
follows.

A =[AQ1), ..., A(N;)] (&)

where N, represents the number of range cells, and A(n), the
received signal power in the n-th range cell.

The equation in relation to the detection threshold Ty, (1)
for each cell to the probability of false alarm Pr,(n) is as

follows.
T,(n) = 20 /1n(1/Pfa(n)) (6)

where o denotes the noise standard deviation of the I/Q (in-
phase and quadrature) signals. Thus, when A(n) > T, (n),
detection is made in that particular range cell.

Given that the range resolution of the wideband radar
seeker is much smaller compared to the length of the target,
the scintillation effect in which the received signal power
fluctuates can be modeled by Swerling Case 1/2. In this case,
the received signal power in the n-th range cell is described
by the following PDF [14].

pi(Am) = Uz(fir;)(n)) exp (

W) o)

202(1+d(n))

where d(n) represents the signal-to-noise ratio (SNR) of the
n-th range cell.

From (6) and (7), the frequency of acquiring the range
measurement in the 7 -th range cell. That is, the target
detection probability Pp (1), can be calculated as follows.

—-T£(n)

Po) = [y Ps(A0D)AAG) = exp (.22 TS) - )

Therefore, the range measurement noise distribution p(v; )
can be approximated as shown below.

p(v)) = Py(n)/ 2, Pp(n) 9)

In order to verify the validity of the above equation,
simulations were conducted to derive the distribution of range
measurements. The results are presented in Fig. 2. In the
simulation, SNR was assumed as 20 [dB] and P;, = 1078,
Under these conditions, the threshold values for detection in
each range cell (6) are represented by the blue dotted line. Fig.
3 shows a histogram of the observed power of the target echo
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Fig. 2. Example of a target range profile at an aspect angle of 20 degrees.

signal and the actual distribution of the range measurement
noise. As can be seen in the figure, the range measurement
noise distribution (9) can be written as a Gaussian mixture.

p(”k) Zl 1Vkl)M,fl;3 10

where Mv(l,z 2N (v,{; Ark(i), (Ur(l,z) ) indicates that the
random variable v}, follows the Gaussian distribution with the

mean Ark(i) and standard deviation Jr(‘i,z. N,, is the number of
modes (or the number of Gaussian distributions) that compose

the GMM.

If in (4) the range spread measurement noise v,f is
independent from one another, then the PDF of the
measurement noise v can be written as follows using (10).

. N G .

py) = 1L p(v)) = TS, B2 v M (D)

As can be seen in the above equation, the mode of p(vy) is

determined by the combination of modes in the measurements

and the measurement noise distribution, yielding a total of
L = (N,)™ modes.

To simplify the mathematical derivation, if the mode
combination of the [-th measurement noise distribution is
defined as @y, ¢; is shown as M tuples as shown in the
following equation.

P, EDPM =12, ..,L (12)
l

Here, when @ = {1, ..., N, }, @ = {(n,, -, ny)|n; € ®,i =

., M} is implied.

To specify, let’s examine an example of the combinations
of the measurement-measurement noise distribution modes in
the case when N, = 2 and M = 3 as presented in Table 1. In
the case where the combination is ¢; = (1,1,1), the mode
M, 1 (91) and weight I}, (¢;) are calculated as shown in (11).

3
M, (p)) = MMM, h(o) =) (3)

As shown in the table, the total number of modes M, () and
weights I (-) of p(vy) is L = 23, and are all calculated using
the exact method as in (13).

Generalizing (13) allows us to rewrite (11) as shown below.

TABLEI. AN EXAMPLE OF THE MODE COMBINATIONS (N, = 2,M = 3),
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z} My My M3
2 My My M3
F ey

0.06

E 1000 [ ] hlam"ram

g _gdr\‘n " 10.04
:ED | 0.02 E
= :

= " 0

-20 20
range [;n]

Fig. 3. Histogram and approximated PDF for range spread measurements.
P(W) = X1 (@M i (@), Zica Telo) =1 (14)

where M, (¢,) = N (vy; b (@), Zx (@) is implied. The
mean b, (@) € RM*! and variance 2 (@) € RM*M of
weight I; (¢;) and M, ;. (¢;) is defined as follows.
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III. SUBOPTIMAL GAUSSIAN SUM FILTERING APPROACH TO
BALLISTIC TARGET TRACKING

A. Problem Formulation

The previously derived (3) and (4) are considered as the
system model for target tracking using range spread
measurements.

{xk = ka—l + Up—_1 + Guc'k_l (]5
Zz k= Hx k + vk )

The PDFs of the process noise U,_; and the measurement
noise vy are described by (3) and (14). Rewriting them gives
the following:

p(uy—1) = N (uy—1;0, Q1)
p(vy) = ZlLfl T (@) Moy i (01, ZILL L(p) = 1.

Thus, the state estimation problem for the system model (15)
is calculating the a posteriori PDF of the state vector Xy using
the non-Gaussian range spread measurements Z, . If we denote
the cumulative range spread measurements up to time k as
7k = {z1, ..., zx}, then the a priori PDF and the a posteriori
PDF of x are computed according to Bayes’ rule and the Law
of Total Probability as follows.

Pl ZFY) = [ p(xp|xp—1) P(Kp—1 |25 d )~y (16)

_ p@klxp(xkl 2
p(x,|ZF) = % (17)

In the case of non-Gaussian distribution, one common
solution to compute (16) and (17) is the particle filter (PF),
which is based on Monte-Carlo sampling. However, PF is
known to frequently encounter degeneracy problems,
particularly when the variance of the measurement noise is
small. Consequently, when the measurement distribution is
composed of modes with very sharp shapes, it becomes
difficult to ensure the operational stability of the tracking
filter.



As a solution to the problems mentioned above, the
application of the GSF theory can be considered. This is
because, from the theoretical perspective, the GSF is the
Bayesian optimal estimator for the state estimation problem of
linear systems when the PDFs of the state vector and
measurements are described by GMMs. The Gaussian sum
filtering process is summarized as follows [11].

1) Initialization

At time k = 0, the initial probability distribution of the
state vector x, is assumed to be modeled by a GMM,
composed of N, modes.

p(xe) = p(x012°) = X0, P P

i= (18)
where ﬁéo =V (x0; J?éi), ﬁo(i)) represents the i-th mode of

the PDF for x,, and ﬁ((,l) is the weight for the i-th mode,
satisfying Y% ﬁ(()l) =1

2) System propagation

In (15), since the process noise is assumed to be zero-mean
white Gaussian noise, the number of modes in the state
vector’s PDF does not change during time propagation.
Therefore, the a priori PDF at time k can be written as
follows.

pQa|zhY) = B 7l Y (19)
where Ny is the number of modes in the a priori PDF at time
k, and M = M (x; 22, BP) and T represent the i-th
mode and weight, respectively.

The mean %.° and covariance matrix B’ of M.’ are
obtained by updating the mean 2,2‘31 and covariance matrix

Pk(?l of the i-th mode of the a posteriori PDF at time k — 1.

P = F2P 4+ Guey, (20)
P = FBO FT + Qy_, @0
7l =, 2)

The number of modes is maintained at N, k= Nk_l.

3) Measurement update

The a posteriori PDF at time k is calculated by taking a
weighted sum of the results of the measurement update for
each mode of the a priori PDF (19) and each mode of the
measurement noise PDF (14).

p(x,|Z%) = Xy a0 (23)

where JVF,E”) =N (xk; 2,&”%3?”) is the mode derived from
the combination of M,” in (19) and M, (¢;) in (14). The
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where C = 3, i:kl 121 7, is the normalization constant.

If the state estimates are computed recursively according
to (18)~(29), the number of modes in the a posteriori PDF will
increase exponentially as follows.

Nk = NO X nﬁczl Li (30)
Therefore, to practically implement the GSF, a separate

algorithm is needed to prevent the divergence of the number
of modes in the a posteriori PDF.

B. Adaptive Mode Management for Filter Implementation

In order to implement the GSF in real-time, an algorithm
that adequately preserves the shape of the a posteriori PDF
and suppresses the divergence of the number of modes is
needed. As detailed earlier, the range spread measurements
are modeled by a GMM with multiple modes. Notably, each
mode of the mentioned GMM has a considerably small
variance. Therefore, there is a tendency for the modes of the a
priori PDF to move very quickly towards the measurements
during the measurement update process of GSF. As the
number of measurements acquired by the seeker increases,
this phenomenon becomes more pronounced. Taking into
account the high-resolution traits, this paper defines the
hypothesis on the mode combinations derived from the
oriented measurement noise PDF of the range spread
measurement. Following this hypothesis, the paper designs a
suboptimal GSF algorithm that merges the updated modes into
one mode.

The structure of the proposed GSF is as depicted in Fig. 4.
First, the system propagation in accordance to (19) is
performed, and when the range spread measurement Z is
acquired, the mode combination hypothesis {(pl}ffl for the
measurement noise PDF p(vy) defined in (12) are generated.
Subsequently, measurement updates are made according to
the generated measurement noise distribution mode
combination hypothesis. And the mode merging is performed
to suppress the divergence in the number of modes based on
the same mode combination hypothesis.

Fig. 5 demonstrates how the proposed adaptive mode
merging technique operates during the filtering process. As
shown in the picture, the proposed technique merges the a
posteriori PDF mode into one, preventing an exponential
increase in the number of modes. At time k., the number of
modes Ny in the a priori PDF is identical to the number of
modes Li—1 in the measurement noise distribution of the
range spread measurement at time K — 1. The mean, variance,
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Fig. 5. Adaptive mode management for the proposed GSF.

and weight of the merged a posteriori PDF mode M, o .k are
calculated as follows.

52(1) ZNk 1

= ﬁ(u)x(u) ﬁ_;lll — ZA_Ik ﬁ_liil) (31)

=170 K i=1
Trk
S wNg 1 A(lz) NOBRONYXO NG,
Pry = P ﬁ?) (x —Xfk ( — Xy, k) (32)

The state estimates and estimation error variance of the
proposed GSF can be written as the first and second moments.

~ N, ~ ~
£ = TN, wl (33)
2
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C. Effectiveness of Adaptive Mode Management

Let’s examine the impact of the aforementioned mode
management method regarding the estimation error mean of
the GSF. For analytical convenience, the one-dimensional
linear measurement model where M =1, H =1, and x € R
in (4).

Zi = X + vy, p(vg) = Z?I,le Y;ikN(Vk, b]k ]k) (35)

While the ideal GSF is impossible to implement in practice,
it can be used as a benchmark to evaluate the performance
limitations and suboptimality of the suboptimal GSF with
added mode management as it provides a theoretical optimal
solution. To do this, the following result was obtained by
calculating the mean of the ideal GSF’s stats estimation error

Opt . Here, the PDF of the state variable X is assumed to be

(x) N (x; x, D).
E{e?'} =0

The proof for the above expression is as follows. By using k
measurements Z© = {z;,+,z,}, let’s represent the PDF of
the updated state X using the ideal GSF as a GMM.

(36)

p(x|Z) £ Tik Ak (6 2E50F)  G7)

The mean and variance of the multi-modal PDF in (37) are as
follows.

~ig oik
Ty Xy

2P & E{x|Z*} = (38)

lkl

P & vartelz) = Sk mE o+ (- 5) | 09

If we define (38) as the estimates of the ideal GSF, then the

following properties are satisfied for the estimation error
t aopt
e Ex—x7

,\opt a f

2P p(Z)dzk (40)

That is
27 = [ 30 plkelp(z4)az

By substituting (37) into (40), we get the following result.
Nk 1 o Jkadk—1

sopt © Ny
E{xﬁp } = f—oozj"kzl ikeq=1Vk k=1 _

% N(T]Il(k—llk' O,S,ik 1]k)f\’lck Vkp(zk-1)dzk (41)
By utilizing the key property [ xN(x; 0,02)dx = 0 of the

Gaussian distribution N (x; 0,52), and substituting (38) into
the above equation,

B} =

That is E{Z""} = E{&""} = --- = E{&J"}. Since 25" 2
E{x|Z°}=E{x}=x%is 1mp11ed, (36) is true.

f_‘”oo Zi\;k 11 ﬁ.lfck—lifllck 1 p(Zk—l)dzk—l (42)

In the same manner, it can be mathematically verified for
the sub-optimal GSF’s state estimation error €, 2 x — X, that
the following is satisfied.

E{ex} =0 (43)

For reference, in BT tracking scenarios with a wideband
radar seeker, the measurement noise distribution typically has
an average of two modes due to the main scattering points at
the warhead and tail, and the detections provided after CFAR
(Constant False Alarm Rate) processing usually comprises
around three modes. Each mode’s variance is relatively small
compared to the estimation error variance. Therefore, we can
expect the suboptimal GSF to achieve tracking performance
comparable to the theoretically optimal but unimplementable
ideal GSF.

IV. SIMULATION RESULTS

To verify the usefulness of the proposed sub-optimal GSF,
a simulation was performed for the maneuvering BT
engagement scenario depicted in Fig. 6. In the scenario, it is
assumed that the BT performs a left turn/pull-up maneuver
and then, at 22.35 seconds, abruptly changes the turn direction
to the right. The relative range is as shown in Fig. 7.

Based on the center of the 9-meter-long BT, an average of
two range spread measurements were generated at both ends
of the warhead and the tail of the BT. It is assumed that the
measurement noise is modeled by the GMM in which the
maximum value of the mode’s mean based on the center of the
BT is (415, 4n2.) = (=4.54.5)[m] , the standard
deviation is (o, o arz)) (1.0,0.3)[m], and the weight is
(y®,y@) = (0.7,0.3). Under these conditions, an example
of single-run range spread measurements calculated according
to the aspect angle between the BT and missile for the scenario
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Fig. 7. Range spread measurements with the target center at 0.

in Fig. 6 is depicted as shown in Fig. 7. One of the design
variables for the tracking filter, the standard deviation of the
process noise is ¢ = 1[m/s?], and the sampling period is set
to 0.05 seconds.

For performance comparison, the proposed method was
set against three alternative methods: the SIR (sampling
importance resampling) particle filter with identical multiple
modes to our proposed method (Method #1) [15], the nominal
Kalman filter that performs filtering only on a single mode
after merging the measurement noise PDF into a single
Gaussian distribution (Method #2), and the existing
approximate GSF method (Method #3). For reference,
Method #3 takes the approach of approximating the modes of
the a posteriori PDF as a single normal distribution from the
perspective of MMSE at each time point. The number of
particles used in the simulation for Method #1 is 10.000, and
unlike the other filters, the standard deviation of the process
noise was intentionally increased to q = 16 after resampling
due to frequently occurring degeneracy problems, followed by
random particle generation.

The range and range rate estimation errors derived from
200 Monte-Carlo trials are depicted in Fig. 8 and Fig. 9,
respectively. As can be seen in Fig. 8, the largest RMSE error
occurred with Method #2, which did not account for the
multiple modes of the measurement noise distribution. This is
because, in Method #2, state estimates are updated using a
merged measurement noise distribution with relatively large
variance. When measurements are generated according to the
measurement noise of the PDF that is not zero-mean, as shown
in Fig. 7, it is impossible to compensate for bias.

The utility of the proposed mode merging technique can
be confirmed through performance comparison with Method
#3. The proposed technique achieves lower mean values of the
range and range rate RMSE by approximately 0.23 [m], 0.36
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Fig. 8. Range estimation error mean and RMSE.
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Fig. 9. Range rate estimation error mean and RMSE.

[m/s], respectively, and lower peak RMSE values by about
0.93 [m] and 0.57 [m/s], compared to Method #3. What is
especially notable are the differences in performance due to
the mode merging approach, which are pronounced in the
interval before the 10-second period during the filter’s initial
convergence and immediately after the maneuver at 22.9
seconds and 32.2 seconds.

Meanwhile, the computation time and track maintenance
performance of the proposed method in comparison to the
existing methods are illustrated in Fig. 10 and Fig. 11. The
occurrence of degeneracy was determined based on whether
the relative range error exceeded 50 [m] and caused the
estimates to diverge. The time required for a single
measurement update of range spread measurements and
system propagation computation was calculated for each
method.

While Method #2 has the smallest range and range rate
RMSE among the four methods, as shown in Fig. 11, about
40% of the tracks were lost within the first 10 seconds of the
repeated trials due to the degeneracy problem. This is because
when the particle weights are calculated using a measurement
likelihood function with very small measurement noise
variance, the filter prediction error increases sharply.

In terms of computation time, as can be seen in Fig. 10, it
took an average of 71.38 [ms], which is about 53 to 110 times
more than the average computation times for the proposed
method and Methods #2 and #3, which are 1.34 [ms], 1.04
[ms], and 0.65 [ms], respectively.
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The simulation results demonstrate that the proposed
technique is a practical solution in terms of performance for
BT tracking using wideband radar seekers, operational
stability of the tracking filter, and computational efficiency.

V. CONCLUSION

The problem of tracking ballistic targets using range
spread measurements was addressed. Considering the
characteristics of detections provided by a wideband radar
seeker, the range spread measurement distribution was
approximated by the Gaussian mixture model (GMM). Based
on this result, the problem was formulated as target state
estimation using GSF. A probabilistic mode merging
technique was developed to solve the computational problem
inherent in the conventional GSF. The proposed method not
only can adaptively manage the a posteriori PDF even when
the distribution varies the measurement with the relative
geometry, but also has the advantage of high computational
efficiency and easy implementation. Through simulation, it is
verified that the computation time of the proposed method is
reduced by more than 50 times compared to the particle filter.
In addition, unlike the particle filter, the proposed algorithm
does not have the degeneracy problem that causes target
tracking failure. Owing to its performance and reliability, the
proposed method is expected to be a practical choice for

improving the hit-to-kill capability of surface-to-air missiles
with a wideband radar seeker.
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